
PH754 - Cosmology KAIST

3 In
ation

3.1 Motivation

In this se
tion we will try to understand some of the basi
 ob-

served properties of the universe listed in Se
tion 1.2. For sim-

pli
ity we will assume approximate homogeneity and isotropy.

5. & 1. Expanding and old

General relativity tells us that the universe is dynami
al

and so would be expe
ted to be either expanding or


ontra
ting. From

3H

2

+ 3K = � (121)

we see that if � � 0 and K � 0 the universe will expand

forever.

2. Big

An old expanding universe should be big, but how big?

It would be natural to 
reate a Plan
k size universe ex-

panding at the Plan
k rate, L � H � 1. The 
urrent

value of the Hubble parameter is H

0

� 10

�60

, and so for

a universe dominated by radiation or matter sin
e the

Plan
k epo
h the 
urrent size of the universe would be

L

0

� 10

30

� 0:1mm or L

0

� 10

40

� 10

3

km respe
tively.

We know the universe is bigger: L

0

& 1=H

0

� 10

60

. To

start with LH � 1 and end up with LH & 1 we need

d

dt

(LH) � 0 ; i.e. �a � 0 (122)
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3. A lot of matter

The universe 
ontains a lot of matter,M

0

& 10

60

. Where

did it all 
ome from? To 
reate matter or energy in

an expanding universe requires p < 0.

1

However, we

don't just need to 
reate energy, we need to 
reate en-

ergy rapidly enough to get E

0

& �

0

(1=H

0

)

3

� �

�1=2

0

. It

is natural to expe
t the universe to be 
reated with a

Plan
k mass of energy, E � 1, at the Plan
k density,

� � 1. To go from E � �

�1=2

to E & �

�1=2

requires

d lnE

d ln a

� �

1

2

d ln �

d ln a

; i.e.

d lnE

d ln a

� 1 (123)

This requires p � ��=3 whi
h gives �a � 0.

6. No observable spatial 
urvature

We know that the spatial 
urvature is now smaller than

the energy density, jK

0

j < �

0

� 10

�120

. The initial 
on-

ditions at the Plan
k epo
h (� � 1) required to a
hieve

this in a universe dominated by radiation or matter are

jKj . 10

�60

or jKj . 10

�40

respe
tively. Even at the

time of nu
leosynthesis it requires jKj . 10

�15

�. These


an hardly be regarded as sensible initial 
onditions.

Instead it would be natural to 
reate a universe with

jKj � � � 1. To evolve from jKj � � to jKj < �

requires

�

d ln �

d ln a

� �

d lnK

d ln a

= 2 ; i.e. �a � 0 (124)

1

Negative gravitational potential energy is generated at the same time

so the total energy is 
onserved.
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Thus, the fa
t that the universe is big, L

0

& 1=H

0

, that

it 
ontains a lot of matter, M

0

& 1=H

0

, and that it has no

observable spatial 
urvature, jK

0

j < H

2

0

, all suggest that

�a � 0 (125)

on average during the history of the universe. We know that

mu
h of the re
ent expansion of the universe o

urred with

�a < 0, and so require a suÆ
iently long earlier epo
h with

�a > 0.

4. Homogeneous and isotropi


We are assuming approximate homogeneity and isotropy

and so all we 
an hope to explain is how to make an ap-

proximately homogeneous and isotropi
 universe more

homogeneous and isotropi
 on the appropriate s
ales.

If �a > 0, 
omoving s
ales leave the horizon. There-

fore 
omoving inhomogeneities and anisotropies will get

stret
hed beyond the horizon. �a > 0 also implies that

� de
reases more slowly than a

�2

. Therefore dis
rete

inhomogeneities will get diluted. Thus if �a > 0, s
ales

�xed relative to the horizon will tend to be
ome homo-

geneous and isotropi
.

Note that any unwanted reli
s (parti
les, bla
k holes,

topologi
al defe
ts) from the early universe 
an be viewed

as inhomogeneities and are got rid of in the same way.

7. Density perturbations

If �a > 0, va
uum (or even thermal) 
u
tuations on sub-

horizon s
ales 
an be magni�ed into 
lassi
al perturba-

tions on superhorizon s
ales. This will be the subje
t of

Se
tion 3.6.

25

Ewan Stewart Spring 2000

Referen
es

1. E. B. Gliner, Soviet Physi
s - JETP 22 (1966) 378-382;

E. B. Gliner, Soviet Physi
s - Doklady 15 (1970) 559-

561; E. B. Gliner and I. G. Dymnikova, Soviet Astron-

omy Letters 1 (1975) 93-94.

2. A. H. Guth, Physi
al Review D23 (1981) 347-356.

3. A. D. Linde, Physi
s Letters B108 (1982) 389-393; A.

Albre
ht and P. J. Steinhardt, Physi
al Review Letters

48 (1982) 1220-1223.

4. The In
ationary Universe, A. H. Guth, Addison-Wesley

(1997, paperba
k 1998).

26



PH754 - Cosmology KAIST

3.2 De�nition of in
ation

We have seen that many of the basi
 observed properties of

the universe 
an be explained by a suÆ
iently long epo
h with

�a > 0. This is the usual de�nition of in
ation.

In
ation is 
hara
terized by

Repulsive gravity

�a > 0 (126)

Comoving s
ales leave the horizon

d

dt

�

�

phys

1=H

�

> 0 (127)

SuÆ
iently slowly de
reasing Hubble parameter

�

d lnH

d ln a

< 1 (128)

Curvature de
reases relative to the energy density

�

d lnK

d ln a

> �

d ln �

d ln a

(129)

SuÆ
iently negative pressure

p < �

1

3

� (130)
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The amount of in
ation is measured by

N = ln _a = ln(aH) (131)

During in
ation, H is usually approximately 
onstant, and

so N is approximately equivalent to the number of e-folds of

expansion

N = ln a =

Z

Hdt (132)

whi
h is what is usually used to des
ribe the time during

in
ation.

It is useful to know when a given 
omoving s
ale k 
rosses

the horizon during in
ation. De�ning horizon 
rossing to o
-


ur when aH = k, a 
omoving s
ale 
rosses the horizon a

number of e-folds N before the end of in
ation given by

N = N

end

�N


ross

= N

end

�N


ross

+ ln

�

H


ross

H

end

�

(133)

and

N

end

�N


ross

= (N

end

�N

nu


) + (N

nu


�N

0

)� (N


ross

�N

0

)

= (N

end

�N

nu


) + 20� ln

�

k

a

0

H

0

�

(134)

Subs
ript nu
 denotes the beginning of nu
leosynthesis, whi
h

is taken to be when the temperature was T = 10MeV. This

is the earliest time at whi
h the evolution of the universe is

well understood and observationally tested. What happened

before nu
leosynthesis is highly spe
ulative. N

end

�N

nu



ould

be positive or negative, with positive values restri
ted to be

. 40. The 
urrent s
ales of observational 
osmology span the

range ln (k=a

0

H

0

) � 0 to 15.
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3.3 Types of in
ation

In
ation requires a form of matter with p < �

1

3

�. This 
an

be provided by positive va
uum energy density, or, more gen-

erally, by the potential energy density of a s
alar �eld, both

of whi
h have p = ��.

In this se
tion we will des
ribe the types of in
ation that

emerge naturally from parti
le physi
s, and also the type that

is required to produ
e an approximately s
ale-invariant spe
-

trum of density perturbations.
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3.3.1 Positive 
osmologi
al 
onstant
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�

This is the simplest type of in
ation. The energy density of

the universe is dominated by a positive 
osmologi
al 
onstant,

i.e. the positive energy density of our va
uum. The universe

then expands exponentially

a / e

Ht

; H = 
onstant (135)

The energy density in any radiation or matter de
ays expo-

nentially, as does the 
urvature

�

rad

/ e

�4Ht

; �

mat

/ e

�3Ht

; K / e

�2Ht

(136)

This type of in
ation never ends and so 
annot be the origin

of our hot Big Bang universe.
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3.3.2 False va
uum in
ation
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Here the positive va
uum energy is that of a false va
uum

so that in
ation 
an end by quantum tunneling to the true

va
uum. If the de
ay rate per unit volume � & H

4

, in
ation

will barely begin, so we will assume � . H

4

.

On
e the universe be
omes trapped in the false va
uum,

spa
etime will tend to de Sitter spa
e, whi
h 
ontains the

exponentially large, 
at, homogeneous and isotropi
, spatial

hypersurfa
es that we want in
ation to produ
e. However, be-


ause de Sitter spa
e is not just spatially homogeneous, but

is 
ompletely homogeneous, it has no 
lo
k, i.e. no unique


hoi
e of time-sli
ing, to distinguish these hypersurfa
es from

any others. The quantum tunneling is a random Poisson pro-


ess and so also does not have a 
lo
k. Therefore, the end

of in
ation 
annot be syn
hronized to o

ur on one of these

exponentially large, 
at, homogeneous and isotropi
, spatial

hypersurfa
es, and so the a
hievements of the in
ation are

not preserved by the exit from in
ation.
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Indeed, if � . H

4

, the in
ation never ends 
ompletely be-


ause the volume of the universe whi
h is in
ating in
reases

at a rate faster than it 
an be eaten up by the nu
leating and

expanding bubbles of true va
uum. One gets an eternally in-


ating universe 
ontinually nu
leating bubbles of true va
-

uum. Ea
h of these bubbles of true va
uum 
orresponds to

.
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an in�nite, negative 
urvature dominated, homogeneous and

isotropi
 universe. Thus if a subsequent more phenomeno-

logi
ally a

eptable in
ation o

urred within some of these

bubble universes, one 
ould have an eternally in
ating uni-

verse �lled with an in�nite number of hot Big Bang bubble

universes.
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3.3.3 Thermal in
ation

Here the �nite temperature e�e
tive potential provides the

false va
uum, and the temperature a
ts as a 
lo
k to syn
hro-

nize the end of in
ation.
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�

T

Consider the �nite temperature e�e
tive potential

V = V

0

+

1

2

�

g

2

T

2

�m

2

�

�

2

+ : : : (137)

with g � 1. When

m . T . V

1=4

0

(138)

the s
alar �eld � is held at � = 0 by the �nite temperature T ,

and the false va
uum energy density V

0

dominates the thermal

energy density � T

4

and so drives an epo
h of in
ation.

33

Ewan Stewart Spring 2000

The temperature T de
reases during the in
ation as

T /

1

a

/ e

�Ht

; H =

r

V

0

3

(139)

and a
ts as a 
lo
k to syn
hronize the end of in
ation. The

in
ation lasts for

N � ln

�

T

initial

T

�nal

�

� ln

 

V

1=4

0

m

!

(140)

e-folds. To get a signi�
ant amount of in
ation we require

m� V

1=4

0

(141)

For example, potentials of the form

V = V

0

�

1

2

m

2

�

2

+

�

2

M

2n

Pl

�

4+2n

; n � 1 (142)

whi
h are 
ommon in supersymmetri
 theories, have their

minimum at � � M � m, and so in order to 
an
el the


osmologi
al 
onstant have V

0

� m

2

M

2

� m

4

. For m �

m

EW

� 10

�16

and � � 1 we get

N �

n

2(n+ 1)

ln

�

1

m

�

� 18

�

n

n+ 1

�

(143)

Thus, even for n = 1, whi
h 
orresponds to M = M

Pl

, a

single epo
h of thermal in
ation does not give enough e-

folds of in
ation to make the universe big, 
at, et
.

Also, thermal in
ation is not a s
ale-invariant pro
ess,

the temperature falls like T / 1=a, and so 
an not produ
e a

s
ale-invariant spe
trum of density perturbations.
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3.3.4 Rolling s
alar �eld in
ation

Here a rolling s
alar �eld provides the 
lo
k that syn
hronizes

the end of in
ation.
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�

In
ation requires p < ��=3, and for a homogeneous s
alar

�eld

� =

1

2

_

�

2

+ V (144)

p =

1

2

_

�

2

� V (145)

and so to get in
ation we need

_

�

2

< V (146)

This is most simply a
hieved near a maximum of the potential

V = V

0

�

1

2

m

2

�

2

+ : : : (147)

The equation of motion for the s
alar �eld is

�

�+ 3H

_

�+ V

0

= 0 (148)

The fri
tion term 3H

_

� arises from the expansion of the uni-

verse whi
h damps the kineti
 energy.

If � = 0, or is suÆ
iently small, the dynami
s will be

dominated by quantum 
u
tuations. Using the results of Se
-

tion 3.4, one 
an show that one gets eternal in
ation in the

neighborhood of � = 0 if m

2

� 6V

0

.
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On
e � es
apes from the neighborhood of zero, whi
h we


rudely take to o

ur when � & H, the 
lassi
al motion will

dominate. While � is still near the top of the potential, ��

V

1=2

0

=m, we have H '

p

V

0

=3, and so 
an solve the equation

of motion to give

� / a

�

(149)

where

� =

3

2

 

s

1 +

4m

2

3V

0

� 1

!

(150)

In
ation will end when � � V

1=2

0

=m. Therefore the number

of e-folds of this 
lassi
al rolling in
ation is

N �

1

�

ln

�

�

end

�

initial

�

�

1

�

ln

�

1

m

�

(151)

For m � m

EW

� 10

�16

this gives

N �

37

�

(152)

To obtain a signi�
ant amount of in
ation we require

m .

V

1=2

0

M

Pl

(153)

whi
h is a mu
h stronger 
onstraint than that required by

thermal in
ation (m� V

1=4

0

).

From Eq. (149) we see that rolling s
alar �eld in
ation is

not s
ale-invariant, unless �� 1 whi
h is the slow-roll limit

to be dis
ussed the next se
tion, and so will not in general

produ
e a s
ale-invariant spe
trum of density perturbations.
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3.3.5 Slow-roll in
ation

This is the s
ale-invariant limit of rolling s
alar �eld in
a-

tion.

Observations show that the density perturbations are ap-

proximately s
ale-invariant on the largest observable s
ales.

This presumably means that the in
ation that produ
ed them

should be an approximately s
ale-invariant pro
ess. This in

turn means that, during in
ation, physi
al quantities su
h as

the potential and kineti
 energy densities should remain ap-

proximately 
onstant as the s
ale fa
tor a in
reases. This is

quanti�ed by

�

�

�

�

d lnX

d ln a

�

�

�

�

� 1 (154)

for all relevant quantities X that do not depend expli
itly on

the s
ale fa
tor a. For example

�

d lnH

d ln a

= �

_

H

H

2

� 1 (155)

and

�

�

�

�

�

d ln

_

�

d ln a

�

�

�

�

�

=

�

�

�

�

�

�

�

H

_

�

�

�

�

�

�

� 1 (156)

Eq. (155) is usually valid in other types of in
ation as well.

It gives

3H

2

' V (157)

Using Eq. (156), the equation of motion

�

�+ 3H

_

�+ V

0

= 0 is

approximated by the 
hara
teristi
, fri
tion dominated, slow-

roll equation of motion

3H

_

�+ V

0

= 0 (158)
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Ignoring transients, in terms of the potential Eqs. (155)

and (156) translate to

�

V

0

V

�

2

�

1

M

2

Pl

(159)

and

�

�

�

�

V

00

V

�

�

�

�

�

1

M

2

Pl

(160)

The �rst suggests we should be near a maximum, or other

extremum, of the potential. The se
ond is non-trivial, and in

fa
t provides one of the most serious obsta
les to building a

model of slow-roll in
ation. To get a sense of why this is so,

note that if you try to build a model of in
ation in an e�e
tive

�eld theory that negle
ts gravitational strength intera
tions,

then you are impli
itly setting M

Pl

=1. Clearly one 
annot

a
hieve Eq. (160) in this 
ontext.

If instead one works in supergravity, then one 
an show

that if the in
ationary potential energy density is dominated

by the F -term then

V

00

V

=

1

M

2

Pl

+model dependent terms (161)

Therefore, to build a model of slow-roll in
ation one must be

able to 
ontrol the gravitational strength intera
tions.

Referen
es

1. E. D. Stewart, Physi
al Review D51 (1995) 6847-6853.
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3.4 Quantum �elds in de Sitter spa
e

In this se
tion we will investigate the behavior of a quantized

s
alar �eld in de Sitter spa
e.

For simpli
ity, we will assume that the spa
etime is ho-

mogeneous and isotropi
 despite the fa
t that the s
alar �eld

is not, i.e. we will negle
t the ba
k-rea
tion of the 
u
tua-

tions in the s
alar �eld on the metri
. This will be 
onsistent

if the perturbations in the energy density, pressure, et
., are

negligible. For example, the behavior of the s
alar �eld near

the maximum of the potential in rolling s
alar �eld in
ation

(Se
tion 3.3.4) 
an be des
ribed using this formalism.

In a homogeneous and isotropi
 expanding universe with

metri


ds

2

= dt

2

� a(t)

2

dx

2

(162)

the a
tion for a free massive real s
alar �eld

S =

Z

1

2

�

g

��

�

�

� �

�

��m

2

�

2

�

p

�g d

4

x (163)

be
omes

S =

Z

1

2

�

_

�

2

�

1

a

2

(r�)

2

�m

2

�

2

�

a

3

dt d

3

x (164)

Introdu
ing the 
onformal time �

d� =

dt

a

(165)

whi
h is de�ned to make the metri
 
onformally 
at

ds

2

= a(�)

2

�

d�

2

� dx

2

�

(166)
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denoting the derivative with respe
t to � by a prime

�

0

= a

_

� (167)

and de�ning

' = a� (168)

gives

S =

Z

1

2

�

'

02

� (r')

2

�

�

a

2

m

2

�

a

00

a

�

'

2

�

�

a

0

a

'

2

�

0

�

d� d

3

x

(169)

The equation of motion is

'

00

�r

2

'+

�

a

2

m

2

�

a

00

a

�

' = 0 (170)

This has the general solution

'(�;x) =

Z

d

3

k

(2�)

3=2

h

a

k

'

k

(�) + a

y

�k

'

�

k

(�)

i

e

ik�x

(171)

where '

k

satis�es

'

00

k

+

�

k

2

+ a

2

m

2

�

a

00

a

�

'

k

= 0 (172)

and is normalized su
h that

'

k

'

�0

k

� '

0

k

'

�

k

= i (173)

The quantization 
ondition

['(�;x); '

0

(�;y)℄ = i Æ

3

(x� y) (174)

gives

h

a

k

; a

y

l

i

= Æ

3

(k� l) (175)
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In de Sitter spa
e, H is 
onstant, a = e

Ht

,

� = �

1

aH

(176)

and Eq. (172) be
omes

'

00

k

+ k

2

'

k

+

1

�

2

�

m

2

H

2

� 2

�

'

k

= 0 (177)

On s
ales well inside the horizon, �k� !1, this redu
es

to

'

00

k

+ k

2

'

k

= 0 (178)

whi
h has normalized solution

'

k

=

1

p

2k

�

A

k

e

�ik�

+B

k

e

ik�

�

; jA

k

j

2

� jB

k

j

2

= 1 (179)

If the in
ationary expansion has been going on for suÆ
iently

long, the s
alar �eld should be in the usual 
at spa
e va
uum

state on s
ales well inside the horizon. Therefore, we should

take B

k

= 0 so that a

k

and a

y

k


orrespoond to the usual


at spa
e annihilation and 
reation operators, and the state

should be j0i where

a

k

j0i = 0 (180)

We are free to take A

k

= 1 to get

'

k

!

1

p

2k

e

�ik�

as � k� !1 (181)

The solution of Eq. (177) whi
h mat
hes onto Eq. (181)

on s
ales well inside the horizon is

'

k

= e

i

(

�+

1

2

)

�

2

r

�

4k

p

�k� H

(1)

�

(�k�) (182)

41

Ewan Stewart Spring 2000

where

� =

r

9

4

�

m

2

H

2

(183)

A useful spe
ial 
ase is m = 0 whi
h gives � =

3

2

and

'

k

=

1

p

2k

�

1�

i

k�

�

e

�ik�

(184)

On s
ales well outside the horizon we have

'

k

! e

i

(

��

1

2

)

�

2

 

2

�

�(�)

2

3

2

�(

3

2

)

!

1

p

2k

(�k�)

1

2

��

as � k� ! 0

(185)

If m

2

�

9

4

H

2

then � 2 < and so '

k

and '

�

k

have the same

time dependen
e. This allows us to rewrite the superhorizon

Fourier modes, i.e. those with k � aH, as

a

k

'

k

(�) + a

y

�k

'

�

k

(�) = b

k

 

2

�

�(�)

2

3

2

�(

3

2

)

!

1

p

2k

(�k�)

1

2

��

(186)

where

b

k

= e

i

(

��

1

2

)

�

2

a

k

+ e

�i

(

��

1

2

)

�

2

a

y

�k

(187)

Now

h

b

k

; b

y

l

i

= 0 (188)

and so the superhorizon Fourier modes are 
lassi
al Gaussian

random variables with

h0jb

k

b

y

l

j0i = Æ

3

(k� l) (189)
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Now

h0j�

2

j0i =

1

a

2

h0j'

2

j0i =

1

a

2

Z

d

3

k

(2�)

3

j'

k

j

2

(190)

Therefore, using Eq. (184), in the spe
ial 
ase of m = 0

h0j�

2

j0i =

1

a

2

Z

d

3

k

(2�)

3

2k

�

1 +

a

2

H

2

k

2

�

=

1

(2�)

2

Z

k dk

a

2

+

�

H

2�

�

2

Z

dk

k

(191)

The �rst term is the usual short wavelength divergen
e of

quantum �eld theory and does not 
on
ern us here. The

se
ond term dominates on the 
lassi
al superhorizon s
ales,

k � aH, and gives a long wavelength divergen
e. We 
an un-

derstand the se
ond term's meaning by restri
ting the range

of integration to be from some �xed physi
al smoothing s
ale

somewhat larger than the horizon, k

2

=a = �H, to some �xed


omoving long wavelength 
uto� k

1

whi
h 
rossed the s
ale

k

2

=a at a = a

1

�

H

2�

�

2

Z

k

2

=�aH

k

1

=�a

1

H

dk

k

=

�

H

2�

�

2

ln

a

a

1

(192)

ln(a=a

1

) is the number of e-folds of expansion N sin
e k

1

= k

2

.

Therefore, the 
lassi
al superhorizon 
ontribution gives

p

h0j�

2

j0i =

H

2�

p

N (193)


orresponding to a random walk with step length H=2� and

number of steps N .
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Introdu
ing a small mass m � H 
on�nes the random

walk. Then

� '

3

2

�

m

2

3H

2

(194)

and, using Eqs. (190) and (185), the 
lassi
al superhorizon


ontribution to h0j�

2

j0i is

h0j�

2

j0i '

1

a

2

Z

d

3

k

(2�)

3

2k

�

aH

k

�

2��1

=

�

H

2�

�

2

Z

dk

k

�

aH

k

�

�

2m

2

3H

2

=

3H

4

8�

2

m

2

2

4

�

k

aH

�

2m

2

3H

2

3

5

(195)

Taking the limits of integration to be from k � aH to k = 0,

i.e. all the 
lassi
al superhorizon s
ales, gives for m

2

� H

2

h0j�

2

j0i '

3H

4

8�

2

m

2

(196)
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3.5 Generating perturbations

The general me
hanism for the generation of perturbations

during in
ation is sket
hed in the �gure. We will �rst 
on-
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in amount of

perturbations

horizon


lassi
al

in 
lo
k expansion

perturbations


urvature

perturbations

density perturbations

in 
lo
k


u
tuations

quantum va
uum

��

�

�

galaxies, et


sider the simplest 
ase of slow-roll in
ation with a single 
om-

ponent in
aton, and then go on to dis
uss the more general

formulation.

3.5.1 Single 
omponent in
aton

In Se
tion 3.4 we negle
ted the perturbations in the metri
.

Here, we must in
lude them as they are what we will be trying

to 
al
ulate.

45

Ewan Stewart Spring 2000

To �rst order in perturbation theory, the s
alar, ve
tor

and tensor perturbations de
ouple from ea
h other. We will

fo
us on the s
alar perturbations be
ause they eventually be-


ome the density perturbations whi
h grow to form galaxies

and the all the rest of the large s
ale stru
ture in the uni-

verse. The tensor perturbations, whi
h 
orrespond to gravi-

tational waves, are in prin
iple also interesting but in pra
ti
e

probably have an unobservably small amplitude. The ve
tor

perturbations de
ay and so are not likely to be interesting.

In the 
ase of a single 
omponent in
aton, the a
tion is

S =

Z

�

�

1

2

R +

1

2

g

��

�

�

��

�

�� V (�)

�

p

�g d

4

x (197)

There are many di�erent gauge invariant variables we 
ould


hoose to represent the s
alar perturbations. The best 
hoi
e

is

' � a

 

Æ��

_

�

H

R

!

(198)

whi
h is a times the s
alar �eld perturbation on spatially 
at

hypersurfa
es (�

2

3

1

a

2

r

2

R is the spatial 
urvature perturba-

tion). On
e the perturbations leave the horizon, we will want

to reinterpret this variable in terms of

R




= �

�

H

a

_

�

�

' = R�

H

_

�

Æ� = R+H (v +B) (199)

whi
h is the 
urvature perturbation on 
onstant � or 
omov-

ing (v + B = 0) hypersurfa
es. R




is a 
onvenient quantity

be
ause it is 
onstant on superhorizon s
ales in a universe 
on-

taining just a single 
omponent of matter (see Se
tion 3.5.2

for 
lari�
ation and quali�
ation of this statement).
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A somewhat lengthy but straightforward 
al
ulation gives

the a
tion for the s
alar perturbations

S =

Z

1

2

"

('

0

)

2

� (r')

2

+

H

a

_

�

 

a

_

�

H

!

00

'

2

#

d� d

3

x (200)

where a prime denotes the derivative with respe
t to 
onfor-

mal time �. Note that this in
ludes the metri
 perturbations


oming from both the gravitational and s
alar �eld parts of

the a
tion. The equation of motion is

'

00

�r

2

'�

H

a

_

�

 

a

_

�

H

!

00

' = 0 (201)

This has the general solution

'(�;x) =

Z

d

3

k

(2�)

3=2

h

a

k

'

k

(�) + a

y

�k

'

�

k

(�)

i

e

ik�x

(202)

where '

k

satis�es

'

00

k

+ k

2

'

k

�

H

a

_

�

 

a

_

�

H

!

00

'

k

= 0 (203)

and is normalized su
h that

'

k

'

�0

k

� '

0

k

'

�

k

= i (204)

The quantization 
ondition

['(�;x); '

0

(�;y)℄ = i Æ

3

(x� y) (205)

gives

h

a

k

; a

y

l

i

= Æ

3

(k� l) (206)
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On small s
ales we have

'

00

k

+ k

2

'

k

= 0 (207)

whi
h has normalized solution

'

k

=

1

p

2k

e

�ik�

(208)

so

a

k

j0i = 0 (209)


orresponds to the usual 
at spa
e va
uum on small s
ales.

On large s
ales we have

'

00

k

�

H

a

_

�

 

a

_

�

H

!

00

'

k

= 0 (210)

whi
h has solution

'

k

= A

k

a

_

�

H

+B

k

a

_

�

H

Z

�

H

a

_

�

�

2

d� (211)

where A

k

and B

k

are 
onstants. The growing mode is

'

k

= A

k

a

_

�

H

(212)

Note that '

k

and '

�

k

have the same time dependen
e.

48



PH754 - Cosmology KAIST

This allows us to rewrite the large-s
ale Fourier modes as

a

k

'

k

(�) + a

y

�k

'

�

k

(�) = b

k

a

_

�

H

(213)

where

b

k

= A

k

a

k

+A

�

k

a

y

�k

(214)

Now

h

b

k

; b

y

l

i

= 0 (215)

and so the large-s
ale Fourier modes are 
lassi
al Gaussian

random variables with

h0jb

k

b

y

l

j0i = jA

k

j

2

Æ

3

(k� l) (216)

From Eqs. (199) and (213)

R




(k; �) = �b

k

(217)

The R




(k; �) are thus 
onstant, independent, Gaussian mag-

nitude, random phase, 
lassi
al random variables, and are de-

termined entirely by their power spe
trum, P

R




(k), whi
h

is de�ned by

hR




(k; �)R

�




(l; �)i =

2�

2

k

3

P

R




Æ

3

(k� l) (218)

The normalization is 
hosen so that

hR




(x; �)R




(y; �)i =

Z

dk

k

P

R




sin (k jx� yj)

k jx� yj

(219)

Using Eq. (216), we have

P

R




(k) =

k

3

2�

2

jA

k

j

2

(220)
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To get our �nal answer, we need to determine A

k

by

mat
hing the long wavelength solution, Eq. (212), to the short

wavelength solution, Eq. (208). In slow-roll in
ation, H

and

_

� are slowly varying, and so we 
an mat
h the short

and long wavelength solutions using an approximate solution

whi
h treats H and

_

� as 
onstants during horizon 
rossing.

For H and

_

� 
onstant, � = �1=(aH) and Eq. (203) be
omes

'

00

k

+ k

2
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2
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2

'

k

= 0 (221)

whi
h has normalized solution
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k
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(222)

Mat
hing this to Eq. (212) gives

A

k

=

i

p

2k

3

H

2

_

�

(223)

Within our approximation, we 
an 
hoose to evaluate the right

hand side at any time around horizon 
rossing. For de�nite-

ness, we evaluate it at horizon 
rossing

A

k
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i

p

2k

3
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�

�
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(224)

and so from Eq. (220)
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(225)

50


