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2.7 Gravitational waves

2.7.1 Weyl tensor

The curvature tensor can be decomposed in terms of the Weyl tensor and the Ricci
tensor and scalar

1
Rabed = Cabed + ———= (Racgba — Rad9gbe — Rbcgad + RbaJac)

N —2
- (N — 1)1(N _ 2)R (gacgbd - gadgbc) (271>

where NN is the dimension of the space. The Ricci tensor and scalar are determined by
the matter via the Einstein equation. The Weyl tensor represents gravitational waves.

2.7.2 Plane waves
In Rosen coordinates, the metric for a gravitational plane wave is

dr* = 2 du dv — Y\ (u) da” da (2.7.2)
where u and v are null coordinates

(2.7.3)

1
U = E(t—z)
v = %(Mrz) (2.7.4)

and the z" = x,y are transverse coordinates. The non-zero Christoffel symbols are

1 1

FZ}\ - §gvu (_gn)\,u) == 5’}/;)\ (275)
1 1
FZA = 59’{“ (gu)\,u) = 57’{“’}/,2)\ (276)

plus those related by symmetry. The geodesic equation gives

d
ﬁ = constant (2.7.7)

d>v 1, dz®dz?
B T A | 2.7.8
dr? + 27“’\ dr dr ( )
and .
%A% = constant (2.7.9)
and so worldlines with 2" = constant and dz/dt = constant are geodesics despite the
fact that the transverse distance between them is varying according to 7.x(u). The

non-zero component of the Finstein tensor is

1 1 )
Guw = =57 W + 270" e (2.7.10)

Ewan Stewart 29 2020/6/2



PH471 General Relativity and Cosmology Spring 2020

and so the vacuum Einstein equation reduces to

K 1 K. v
VAV — 37 MY Vo = 0 (2.7.11)

For small amplitude gravitational waves, we can write

V(1) = px + b (u) (2.7.12)
with h,) small. Then the Einstein equation linearizes to

hy, + by, +O(h*) =0 (2.7.13)

showing the traceless nature of a gravitational wave.
In Brinkmann coordinates, the metric for a gravitational plane wave is

dr? = 2dudv + fex(u) 22> du® — 6, da” da? (2.7.14)

The non-zero Christoffel symbols are

1
Do = 59™ (“9uun) = 5 faa (2.7.15)
1
an - 59““ (guu,n) - f){)\x)\ (2716)
1 1
Lo = 59" (Guu) = §f;w”x* (2.7.17)
The geodesic equation gives
d_u = constant (2.7.18)
dr
d2v+2f Aal.:t””alu_i_lf, o du\? 0 (2.7.19)
) T — + = foat | — ) = é
dr? A A dr 27 dr
and ,
d?z" du
0 funa (=) = 2.7.2
72 + 0" fax <d7’) 0 (2.7.20)

and so worldlines with 2" = 0 and dz/dt = constant are geodesics and neighboring
geodesics undergo accelerated transverse motion governed by f.a(u). The non-zero
component of the Einstein tensor is

Guu = 5R)\f)\n (2721)
and so the vacuum Einstein equation reduces to

again showing the traceless nature of a gravitational wave.

Ewan Stewart 30 2020/6/2



	Gravitational waves
	Weyl tensor
	Plane waves


