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2.6 Black holes

2.6.1 Schwarzschild metric

The spacetime outside a star or planet is spherically symmetric and static!. Decom-
posing the metric as in Eq. (2.2.9), static implies B, = 0, stationary and spherically
symmetric implies A = A(r) and hap = hap(r), and choosing the radial coordinate to
be the areal radius gives hap dz® dz® = C(r) dr® 4+ 2 dQ?. Thus the metric for a static
spherically symmetric spacetime takes the form

dr* = A(r)dt* — C(r) dr* — r? dQ? (2.6.1)
Substituting into the vacuum Einstein equation and solving gives the Schwarzschild
metric )
2GM 2GM Y\
dr? = (1 - ) dt* — (1 — ) dr® — r? dQ? (2.6.2)
r r

Global structure

The metric Eq. (2.6.2) seems to be singular at » = 2GM, but introducing Kruskal
coordinates

we = <2(§M - 1) P <2C§M> (2:6:3)

U t

which are constant on in-going and out-going radial light rays respectively, the metric
becomes
,  32GPMP

r

dr exp (—L> du dv — r* dQ? (2.6.5)

2GM

and we see that r = 2G M is just a coordinate singularity, the only physical singularity
being at r = 0. The global structure of Schwarzschild spacetime, including the event
horizon ar r = 2GM, can be illustrated in a Penrose diagram. The coordinates

W = tan"lu

1

" = tan ‘v

bring infinity in to finite values, and a conformal rescaling of the metric

Jab — (I)(l‘) Jab (268)

generates Figure 2.6.1.

I Birkhoff’s theorem states that a spherically symmetric vacuum spacetime is necessarily static. Note
that (static = stationary + time reversal symmetric) and (stationary = time independent).
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Figure 2.6.1: Penrose diagram for Schwarzschild spacetime. The white hole and other
universe regions are unphysical consequences of the assumed static, or equivalently vac-
uum, nature of the spacetime. The singularity indicates that general relativity is break-
ing down and needs to be replaced by a more complete theory. Time-like infinity,

(v, v") = (7/2,0), is modified by black hole evaporation.

Orbits

Fixing # = 7/2 and using the results of Section 1.2.3, time translational and rotational

symmetries give the conserved quantities

b da® | _2GM\ dt
= e a — m —=m —
tP Geb dr r dr

and
L a d$b 2d¢
= —€3Pa = —MGpp—— = Mr-—
oP Jb dr dr

while the radial motion can be determined using

m® = ¢*papy = 9"'p; + 9" P} + 9"D}
2GM\ 2GM\ ' [dr\® L2
= (1- E*—m?(1-— i
r r dr 72

therefore
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has extrema at

P+ VL - 12G2M?m? L2
B 2GMm?
corresponding to stable and unstable circular orbits.

Photon orbits can be obtained using the worldline parameter d\ = dr/m and taking
m — 0.

ry (2.6.15)

2.6.2 Kerr metric

The metric for a stationary axially symmetric, i.e. rotating, black hole is

2GMr 2G Mrasin® 6 p?
dr* = (1-— dt* +2 | ———— ) dtd¢ — dr®
' ( P’ ) i < P’ ) i (TZ—QGMTJraQ) '

2GMra?sin® 0
—pRde? — (r2 ta?+ T;; = ) sin?  dop? (2.6.16)
where
p* =12+ a*cos* (2.6.17)

and a = J/M with M and J the mass and angular momentum of the black hole. There
are two important surfaces, the ergosphere where g;; passes through zero

e = GM + VG2M? — a2 cos? § (2.6.18)
and the horizon where ¢,, diverges

ry = GM + VG2M? — 2 (2.6.19)

Between these surfaces, a timelike curve must have d¢/dt > 0, i.e. a particle must rotate
with the black hole.

The limiting case of a = GM is an extreme black hole, and for a > GM the horizon
disappears leaving a naked singularity.

Equatorial orbits

Orbits with @ = 7/2 can be determined in the same way as for the Schwarzschild metric,
the effective potential Eq. (2.6.14) becoming

GM L2 —a?2(E?—m?) GM(L—aE)?
V(= - GMm Lo _ m) _ GM( - ) (2.6.20)
r 2mr mr
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