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2.3 Particles in spacetime

A particle is something that exists as a worldline in spacetime.

Figure 2.3.1: A particle in spacetime.

2.3.1 Kinematics

We can parameterize a particle’s worldline by its length to define a physical velocity

ua =
dxa

dτ
(2.3.1)

and acceleration

aa =
d2xa

dτ 2
(2.3.2)

The magnitude of the velocity

gabu
aub =

gabdx
adxb

dτ 2
= 1 (2.3.3)

and hence the acceleration is always perpendicular to the velocity

gabu
aab = 0 (2.3.4)

2.3.2 Action

A worldline C in a spacetime M has action

−S[C] =

∫
C

(mσ + qA) (2.3.5)

where the worldline volume form σ measures the length along the curve

dτ = σ · ~dx (2.3.6)

and A is a covector field in the spacetime. Note that the physics given by δS = 0 is
invariant under

A→ A+∇λ (2.3.7)
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since ∫
C

∇λ =

∫
∂C

λ (2.3.8)

is a boundary term. In Lagrangian form

−S =

∫
C

(mσa + qAa) dxa (2.3.9)

=

∫
C

(
m
√
gabẋaẋb + qAaẋ

a
)
dt (2.3.10)

The Euler-Lagrange equation

d

dt

(
∂L

∂ẋa

)
=

∂L

∂xa
(2.3.11)

gives
d

dt
(pa + qAa) = q (∇aAb)

dxb

dt
(2.3.12)

where the particle’s momentum 1

pa =
mgab√
gcdẋcẋd

dxb

dt
= mgab

dxb

dτ
(2.3.13)

Therefore the force on the particle is

fa =
dpa
dτ

= mgab
d2xb

dτ 2
= qFab

dxb

dτ
(2.3.14)

where the electromagnetic field

Fab = ∇aAb −∇bAa (2.3.15)

2.3.3 Newtonian decomposition

Following Eq. (2.2.7), the spacetime velocity decomposes as

ua =
dxa

dτ
=
dt

dτ
(eat + va) (2.3.16)

where the spatial velocity

va =
dxa3
dt

(2.3.17)

the spacetime force decomposes as

fa =
dt

dτ

(
Peta − Fa

)
(2.3.18)

1Note that pa = mσa.
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where the spatial force satisfies
eatFa = 0 (2.3.19)

and the electromagnetic field decomposes as

Fab = etaEb − Eae
t
b −Bab (2.3.20)

where the electric field Ea and magnetic flux density Bab satisfy

eatEa = 0 (2.3.21)

eatBab = 0 (2.3.22)

Substituting Eqs. (2.3.16), (2.3.18) and (2.3.20) into Eq. (2.3.14) gives

Peta − Fa = q
(
etaEb − Eae

t
b −Bab

) (
ebt + vb

)
(2.3.23)

= q
(
etaEbv

b − Ea −Babv
b
)

(2.3.24)

Therefore Eq. (2.3.14) decomposes into the electromagnetic power equation

P = qEav
a (2.3.25)

and the Lorentz force law
Fa = q

(
Ea +Babv

b
)

(2.3.26)
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