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2.3 Particles in spacetime

A particle is something that exists as a worldline in spacetime.

Figure 2.3.1: A particle in spacetime.

2.3.1 Kinematics

We can parameterize a particle’s worldline by its length to define a physical velocity

dx?
a_ 2.3.1
ut = — (2.3.1)
and acceleration g
Ia
a_ 2.3.2
¢ dr? ( )
The magnitude of the velocity
o — Gzt (2.3.3)
GJab - dr2 = 0.
and hence the acceleration is always perpendicular to the velocity
gabt®a® = 0 (2.3.4)
2.3.2 Action
A worldline C' in a spacetime M has action
~5(C) = [ (mz+q4) (2:3.5)
c
where the worldline volume form ¢ measures the length along the curve
dr = o - dx (2.3.6)

and A is a covector field in the spacetime. Note that the physics given by 65 = 0 is
invariant under

A— A+ VYA (2.3.7)
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[oa= ]
c ac

is a boundary term. In Lagrangian form

since

-5 = /(maa—i-qAa)dxa
c

_ /C <m\/m + qAax'a) dt

The Euler-Lagrange equation

d (oL _ oL
dt \9ia ) Oz

gives
d da®
dt (pa +4q a) q (va b) dt
where the particle’s momentum !
Mgab dxb dl‘b

a: :ma_
p geaiid dt Gab~ 1

Therefore the force on the particle is

dpa d%zP dzP
a = —F] = ab—7 &5 — Fa
/ dr e g T dRabT

where the electromagnetic field

Fab = Va14b - Vb14a

2.3.3 Newtonian decomposition

Following Eq. (2.2.7), the spacetime velocity decomposes as

B dz? dt

= T
where the spatial velocity
a_ d7§
vt = —=
dt
the spacetime force decomposes as
dt
fa:%(Pe;—Fa)
Note that pa = moa.
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where the spatial force satisfies
efFa=0

and the electromagnetic field decomposes as
Fab = €;Eb — Eaei) — Bab
where the electric field F, and magnetic flux density Bap satisfy

efEa = 0
e?Bab =0

Substituting Egs. (2.3.16), (2.3.18) and (2.3.20) into Eq. (2.3.14) gives

Pel — Fy = q(eiEy — Each, — Bab) (e +vP°)
= q (etaEbvb —F, — Babvb)

Therefore Eq. (2.3.14) decomposes into the electromagnetic power equation
P =qE v

and the Lorentz force law
Fa=gq (Ea + Babvb)
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