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1.2 Spaces

1.2.1 Tensor fields

Finite displacements in Euclidean space can be represented by arrows and have a natural
vector space structure, but finite displacements in more general curved spaces, such as
on the surface of a sphere, do not. However, an infinitesimal neighborhood of a point
in a smooth curved space! looks like an infinitesimal neighborhood of Euclidean space,
and infinitesimal displacements dr retain the vector space structure of displacements
in Euclidean space. An infinitesimal neighborhood of a point can be infinitely rescaled
to generate a finite vector space, called the tangent space, at the point. Note that

tangent space at p

S space

Figure 1.2.1: A vector in the tangent space of a point.

vectors do not stretch from one point to another, but instead live in the tangent space
of a point, and vectors at different points live in different tangent spaces and so cannot
be added.

For example, rescaling the infinitesimal displacement dx by dividing it by the in-
finitesimal scalar dt gives the velocity

dr

o (1.2.1)

U=
which is a vector. Similarly, we can picture the covector V¢ as the infinitesimal contours
of ¢ in a neighborhood of a point, infinitely rescaled to generate a finite covector in the
point’s cotangent space. More generally, infinitely rescaling the neighborhood of a point
generates the tensor space and its algebra at the point. The tensor space contains the
tangent and cotangent spaces as vector subspaces.

A tensor field is something that takes tensor values at every point in a space.
Tensor fields of the same type can be added, and multiplied by a scalar, in the usual
way.

1.2.2 Tensor calculus
Integration

A covector field w naturally contracts with a curve C' to give a scalar

/ w = scalar (1.2.2)
c

'In mathematical language, a smooth manifold.
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with the same interpretation as the contraction of a covector with a vector. If we divide
the curve C' into infinitesimal line elements dx, the integral of w over C' can be written
in the more familiar form

/Cg  dx (1.2.3)

Covariant derivative

The covariant derivative V, is a derivative operator and hence is linear and obeys
the Leibnitz rule. Its action on a scalar is given by Eq. (1.1.8)

A2V a0 = dop (1.2.4)

and it has the key property
vagbc =0 (125)

since the metric is used to measure changes. One more condition is needed to uniquely
define the covariant derivative, the zero torsion condition

(VaVp — VpVa) ¢ =0 (1.2.6)

which has the geometrical interpretation that parallel transported vectors, i.e. vectors
transported such that their covariant derivative is zero, form closed parallelograms.
Curvature tensor

Covariant derivatives do not commute when acting on tensors
(VaVb — vaa) We = Rabcdwd (127)

since parallel transport of tensors in a curved space is path dependent. R, .4 is the
curvature tensor, which is zero if and only if the space is flat.
The curvature tensor has the following symmetries

Rbacd = _Rabcd (128)
Rabdc = _Rabcd (129)
Riabga = 0 (1.2.10)
which imply
Redab = Rabed (1.2.11)

The curvature tensor can be contracted to give the Ricci tensor
Rac = R,3.° (1.2.12)

and Ricci scalar
R=R? (1.2.13)

a
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Figure 1.2.2: The Lie derivative and its relation to the covariant derivative. v is v/(x)
parallel transported along , i.e. transported such that « - Vo) = 0, and 4 is u(x)
parallel transported along .

Lie derivative

The Lie derivative, with respect to a vector field u?, acting on a vector field v?, is
L,0% = uPVo? — 0PVpu? (1.2.14)

It is the derivative relative to the flow generated by u?, see Figure 1.2.2. If L,0* =0
then u® and v* are said to commute, since the vectors form closed quadrilaterals. Note
that £, depends on u® and its derivative, but is independent of the metric.

1.2.3 Bases and coordinates

It is often convenient to choose a complete set of independent basis vectors e, where

a=1,..., N labels the basis vectors and N is the dimension of the space, and express
a general vector v® as a linear combination of the basis vectors

N
vt = Zvo‘ez (1.2.15)
a=1

The scalars v® are the components of the vector v and depend on the choice of basis
e2. We will use the summation convention for repeated component indices, so that the
summation sign above is not explicitly written

v® =%l (1.2.16)

Note the difference between the two index notations. The abstract index a denotes the
vector nature of v, while the component index « labels the components v* and basis
vectors €2, and is summed over in the above equation.

A vector basis €2 naturally induces a covector basis eJ, or vice versa, via

ath = 05 (1.2.17)
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while completeness of the bases is expressed as
edep = Op (1.2.18)
A covector is expressed in components as
Wa = Wael (1.2.19)
and a covector contracted with a vector as
Wat® = Wy v” (1.2.20)
The inner product of basis vectors
€o - €3 = gabezeg = Jap (1.2.21)

gives the metric components. An orthonormal basis has metric components g,g = dq3.
A coordinate system x® induces a covector coordinate basis via

eq = Vaz* (1.2.22)

and the corresponding vector coordinate basis induced by Eq. (1.2.17) expands an in-
finitesimal displacement as

dx® = dx“e, (1.2.23)

where dx® is the infinitesimal change in the coordinate z®. Inverting Eq. (1.2.23) gives
ozr?

a — 1.2.24

T (12.24)

Note that a coordinate basis covector e is defined purely in terms of its coordinate
x®, with its plane tangent to the constant z® surfaces and its magnitude given by the
density of the surfaces, while a coordinate basis vector €2 requires the full coordinate
system, with its line tangent to the intersection of the constant 2°, 8 # «, surfaces and
its magnitude given by the separation of the x* surfaces. See Figure 1.2.3.

The partial derivative with respect to a coordinate is the derivative in the direction
in which the other coordinates are constant and is given by the corresponding basis

vector 5
— =¢e2V, 1.2.25
ox™ Ca ( )

In a coordinate system z¢, the length ds of an infinitesimal displacement dx® can be
expressed as

[0}

ds? = gapdr?dz® = gagdxad:vﬁ (1.2.26)
For example, in Cartesian coordinates in two dimensional Euclidean space
ds* = dx® + dy? (1.2.27)

and so the components of the metric are g,, = ¢y, = 1 and g,, = 0. In polar coordinates

ds® = dr® + r*d§? (1.2.28)

and so g, = 1, gs¢ = 7° and g, = 0. Cartesian bases are the only orthonormal
coordinate bases and they exist only in flat spaces.

2
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Figure 1.2.3:  The coordinate basis covectors and ¢/ are given by the ' and vy

contours respectively. The coordinate basis vectors e and ¢ lie along the y and
contours respectively, and span the = and 1 contours respectively.

Christoffel symbols

In a coordinate basis, the covariant derivative acting on a scalar has components

¢
Va 1.2.29
6= 0 (1.2.29)
Acting on a vector
Vav = Va ( g g) = (Vavﬁ) eg + vﬁvaeg (1.2.30)
Vav? is given by Eq. (1.2.29) and we define
Vaeh = =) geacs (1.2.31)
where the ' ; are the Christoffel symbols ?. Then
C 8 'Y C
Vav == W + F 6,y (1232)
Owg o
Vawp = (891:0‘ - Fvﬁwv) el (1.2.33)

and similarly for other tensors. Applying this to Eq. (1.2.5) we get an equation involving
the first derivatives of the metric components and the Christoffel symbols which can be
inverted using Eq. (1.2.6) to give

1
M, =—¢"° (3gaa + 0958 _ agaﬁ) (1.2.34)

B9 orh Oz~ 0o

2Note that I'S,, =T'7 Be“eﬁec is a tensor derived from a particular basis and so is a basis dependent
tensor.
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Geodesics

The motion of a particle in a space is described by a curve x(t). The particle’s velocity

a

dr®  da®
= = (1.2.35)

T at

is the tangent vector to the curve. The particle’s acceleration is

dv? dv®
where we have used e
% = 1PVpe? = U’BFgae;‘ (1.2.37)

Note that the velocity is the ratio of the infinitesimal vector dx® and the infinitesimal
scalar dt, while the acceleration is the derivative of the vector v?. If the acceleration is
proportional to the velocity then the particle follows a geodesic, the generalization of
a straight line to curved spaces. Further, if the parameterization of the curve is chosen
such that the acceleration is zero then the parameter is affine and is proportional to
the length along the curve. Thus an affinely parameterized geodesic x(s) obeys the
geodesic equation

d?x? d?x® da? dx
= Fa a = ].2
ds? ( ds? o ds ds ) ¢a =0 (1.2.38)

Symmetry

A continuous symmetry is described by the flow generated by a vector field. If a vector
field £ satisfies Killing’s equation

ﬁggab = écvcgab + (Vagc) Jcb -+ (bec) Jac (1239)
= Valp+Vpé&a = 0 (1.2.40)

then &2 is a Killing vector field and generates an isometry of the space. Now, in a
coordinate basis,

Lo, ef = eAVael + (Vped)el = TP 4T =0 (1.2.41)

therefore
Le,gve = Le, (eﬁezgm) = €IV agsy (1.2.42)

hence a coordinate basis vector €2 is a Killing vector if and only if the metric components
are independent of the coordinate x®.
If a particle with momentum

a — ab™;, 1.24
Pa = Mfab— (1.2.43)
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is moving under the influence of a force

dpa
= =2 1.2.44
f i ( )

in a space with Killing vector field £2 then, using Eq. (1.2.40),

% (Pal®) = %éa +pa§ (1.2.45)
= fa® + mgab%%cha (1.2.46)
= fa+ %m% d;c (Vbée + Vebb) (1.2.47)
= fa&®+ %m% d;: ¢Jbe (1.2.48)
= [faf® (1.2.49)

In particular, if the particle is moving freely then p,£? is conserved. For example, from
Eq. (1.2.27), two dimensional Euclidean space has translational symmetries generated
by €% and ey, which give rise to the conserved quantities

a

and, from Eq. (1.2.28), has rotational symmetry generated by ej, which gives rise to the
conserved quantity _ ‘
Pa€§ = po = mgeet) = mr’f (1.2.52)
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