
PH471 General Relativity and Cosmology Spring 2020

Homework 7 - Inflation

Q7.1. Calculate the power spectrum of curvature perturbations PRc(k) produced during
inflation with scale factor a ∝ t2.

A7.1. Let
a = αt2 (A7.1.1)

therefore

H =
ȧ

a
=

2

t
(A7.1.2)

and

Ḣ = − 2

t2
(A7.1.3)

Also, Eqs. (3.1.9), (144) and (145) give

Ḣ = −1

2
(ρ+ p) = −1

2
φ̇2 (A7.1.4)

therefore
aφ̇

H
= ±αt2 (A7.1.5)

Now

η =

∫
dt

a
= − 1

αt
(A7.1.6)

therefore
aφ̇

H
= ± 1

αη2
(A7.1.7)

and

H

aφ̇

(
aφ̇

H

)′′
=

6

η2
(A7.1.8)

Therefore Eq. (203) becomes

ϕ′′k + k2ϕk −
6

η2
ϕk = 0 (A7.1.9)

which from Eqs. (182) and (185) has solution

ϕk = −i
√

π

4k

√
−kη H(1)

5/2(−kη) (A7.1.10)

=
1√
2k

(
1− 3i

kη
− 3

k2η2

)
e−ikη (A7.1.11)

kη→0−→ − 3√
2k5 η2

(A7.1.12)
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Matching this with Eq. (212)

ϕk
kη→0−→ Ak

aφ̇

H
(A7.1.13)

gives

Ak = − 3√
2k5 η2

H

aφ̇
= ∓ 3α√

2k5
(A7.1.14)

Therefore Eq. (220) gives

PRc(k) =
k3

2π2
|Ak|2 =

(
3α

2πk

)2

=

(
3α

2πaH

)2
∣∣∣∣∣
aH=k

=

(
3H

8π

)2
∣∣∣∣∣
aH=k

(A7.1.15)

Note that

− Ḣ

H2
=

1

2
6� 1 (A7.1.16)

and
φ̈

Hφ̇
= −1

2
6� 1 (A7.1.17)

so the slow-roll formula

PRc(k) '
(
H2

2πφ̇

)2
∣∣∣∣∣
aH=k

=

(
H

2π

)2
∣∣∣∣∣
aH=k

(A7.1.18)

is not accurate.
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