
PH471 General Relativity and Cosmology Spring 2020

Homework 6 - Expanding universe

Q6.1. Calculate the time t as a function of the scale factor a for a universe dominated
by radiation

pr =
1

3
ρr (Q6.1.1)

then matter
pm = 0 (Q6.1.2)

then vacuum energy
pv = −ρv (Q6.1.3)

including the transitions between these eras, and show that your answer reduces
to
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when the respective individual components dominate.

A6.1. Eqs. (3.1.7) and (3.1.10) and Eqs. (Q6.1.1), (Q6.1.2) and (Q6.1.3) give

ρr ∝ a−4 (A6.1.1)

ρm ∝ a−3 (A6.1.2)

ρv ∝ a0 (A6.1.3)

and so Eq. (3.1.4) gives

3

(
ȧ
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= Aa−4 +Ba−3 + C (A6.1.5)
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where

a∗ �
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B
⇔ ρm(a∗)� ρr(a∗) (A6.1.9)

a3∗ �
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C
⇔ ρm(a∗)� ρv (A6.1.10)

i.e. t∗ is during matter domination.

Therefore for a ≤ a∗, i.e. during radiation and matter domination,
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Also for a ≥ a∗, i.e. during matter and vacuum domination,
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Figure A6.1.1: The expansion of the universe is just beginning to accelerate.

therefore
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Combining Eqs. (A6.1.14) and (A6.1.22) gives
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during radiation and matter domination and matter and vacuum domination, re-
spectively, and Eqs. (A6.1.16) and (A6.1.25) give Eqs. (Q6.1.4), (Q6.1.5) and
(Q6.1.6). See Figure A6.1.1.
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