PH471

General Relativity and Cosmology

Homework 6 - Expanding universe

Spring 2020

Q6.1. Calculate the time t as a function of the scale factor a for a universe dominated

A6.1.

by radiation

(Q6.1.1)

(Q6.1.2)

(Q6.1.3)

(Q6.1.4)

(Q6.1.5)

1
pr = 3pr
then matter
Pm =0
then vacuum energy
Py = —pPv
including the transitions between these eras, and show that your answer reduces
to
1
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when the respective individual components dominate.

Egs. (3.1.7) and (3.1.10) and Eqgs. (Q6.1.1), (Q6.1.2) and (Q6.1.3) give

pr ox a

Pm X a?

py < a’

and so Eq. (3.1.4) gives

(pra4) at+ (pma?’) a”?+ Pv
= Aa*+Ba P +C

Therefore
1 / t 5 - / a da
V3 Jo o avAa=*+ Ba=3+C

ada
VA+ Ba+ Ca*
¢ ada

0 \/A—I—Ba

ada ada

—+ -
/0 VA+ Ba a. VBa+ Ca*

a
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for a < a,

for a > a,

(Q6.1.6)

(A6.1.1)
(A6.1.2)
(A6.1.3)

(AG.1.4)

(A6.1.5)

(A6.1.6)

(A6.1.7)

(AG.1.8)
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where
A
>z & Pm(as) > pe(as) (A6.1.9)
B
al <« c © pm(a.) > py (A6.1.10)

i.e. t, is during matter domination.

Therefore for a < a,, i.e. during radiation and matter domination,

1 ¢ ada
—t = _— A6.1.11
V3 \/A—i- Ba ( )
“(A+ Ba—A)da

= —= A6.1.12

B 0 \/A—i—BCL ( )

- % [(A + Ba)** — 3A(A+ Ba)'* + 2A3/2] (A6.1.13)

2 2
- = (\/A T Ba+ 2\/_) (\/A + Ba— \/Z) (A6.1.14)
a’ ¢ A
2A1/2 ora<<§ & Pr > Pm

~ (A6.1.15)

2a°/? A
3p2 for a > B & Pm > Py

or

4AN\ % 4 A
— | t2 fora<<§ S 0> Pm

@ ~ 5/ (A6.1.16)
3B §t§ f > A & >
- or a’>>» — m .
1 B Pm > p

Also for a > a,, i.e. during matter and vacuum domination,

@ ada

% (t—t.) e (A6.1.17)
a 2
_ 1 % (A6.1.18)
3a® da

_ 3\/_/(1* VIS (A6.1.19)

— 3\;5 [cosh_1 (1 + %ar&) —cosh™! <1 + %ai’)}
(A6.1.20)
~ 3;6 cosh™ (1 + %cﬁ) - ;g—%/; (A6.1.21)
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a/ag

0 t to

Figure A6.1.1: The expansion of the universe is just beginning to accelerate.

therefore
1 2C
—t = cosh™ [ 1+ —a3> A6.1.22
A e (1 (40122
2a%/? , B
Ve for a <<E S pPm > Py
~ (A6.1.23)
! In <4Ca3) for a® > B & >
o ra —~ v m
3vC  \B c T mzr
or
B 3
a = {% [cosh <\/ 3C t) — 1]} (A6.1.24)
3 B
(ZB??) for a® <« 8] S Pm > Py
~ A (A6.1.25)
By e Ct for a® > b & >
10) =Pl 3 rat> o Py > Pm

Combining Eqs. (A6.1.14) and (A6.1.22) gives

2 2
\/§p2 (V:Or+pm+2\/ﬁ)(\/pr+pm_\/ﬁ) forpr+pm>>pv
t = | iy, 2 f X (;36.1.26)
\/ﬂ COS o or Pm Pv Pr

during radiation and matter domination and matter and vacuum domination, re-
spectively, and Eqgs. (A6.1.16) and (A6.1.25) give Egs. (Q6.1.4), (Q6.1.5) and
(Q6.1.6). See Figure A6.1.1.
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