PH471 General Relativity and Cosmology Spring 2020

Homework 5 - Weyl tensor

Q5.1.

A5.1.

Q5.2.

A5.2.

Q5.3.

Show that

Cope” =0 (Q5.1.1)

Contracting the b and d indices in Eq. (2.7.1) with the metric gives

1
Rac = Cabcb + (NRac - Rac - Rac + Rgac)

N -2
- 1)1(N 571 (Ve = ) (A5.1.1)
and hence Eq. (Q5.1.1).
Show that in four dimensional spacetime
Vdcabcd = _v[an]c (Q5.2.1)
where )
Dy = Ry, — gRgbc (Q5.2.2)

Contracting the a and e indices in Eq. (Q2.1.1) gives

0 - VdR
= VdR

d + vaRbdcd + vb}%dacd (A521>
442V, Ry, (A5.2.2)

abc

abc

Taking the divergence of Eq. (2.7.1) and using Eq. (A2.1.3) gives

1
vd‘Rabcd - Vdc bcd + = (vaac - vdfgggbc - vaRbc + vnggac>

a N -2
1
— — Ab.2.
(N . 1)<N . 2) (VbRgac vaRgbc> ( 5 3)
2 N -3
_ a__ =2 _ A5.2.4
Vdc(abc N — 2v[aRb]c (N _ 1)(N _ 2) V[aRgb]c ( 5 )

Combining Eqs. (A5.2.2) and (A5.2.4) gives

2(N — 3) 1

d_
Valabe" =~ —5 Vi (Rb]c - ngb]c) (A5.2.5)

which reduces to Egs. (Q5.2.1) and (Q5.2.2) in four dimensions. This is the evo-
lution equation for gravitational waves.

Show that

(a) in one dimension

Rapea =0 (Q531)
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(b) in two or less dimensions

Gab =0 (Q5.3.2)

(c) in three or less dimensions

Cabea =0 (Q5.3.3)
and interpret these results physically.

A5.3. (a) The symmetries of the curvature tensor, Eqs. (1.2.8) or (1.2.9), imply
Roooo =0 (A531)

and so in one dimension the curvature tensor is identically zero. Therefore
the Ricci tensor and scalar are also identically zero. This means that in one
dimension there is no curvature.

(b) In two dimensions, the symmetries of the curvature tensor, Eqs. (1.2.8)
and (1.2.9), imply it has a single independent component

Roi01 = —Ro110 = —Rioo1 = Rio1o (A5.3.2)

Therefore, working in an orthogonal basis so that the metric components are
diagonal, the Ricci tensor also has one independent component

Roo = 9" Roooo + 9" Ruon = 9" Roon (A5.3.3)
Ry = ¢"Rooo+ 9" Rnnn = 0 (A5.3.4)
Ry = ¢"Rino+9"Run = 9" Roun (A5.3.5)

and the Ricci scalar

R = ¢"Ry + ¢ Ri1 = 2¢"°¢" Ro1o1 (A5.3.6)
therefore
Ry = %Rgoo (A5.3.7)
Ry = %Rgm (A5.3.8)
Ry = %Rgn (A5.3.9)
therefore .
Rap, = 5 Rga (A5.3.10)

and hence Eq. (Q5.3.2). This means that in two dimensions there is no
gravity.
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(c¢) In three dimensions, the symmetries of the curvature tensor, Eqs. (1.2.8),
(1.2.9) and (1.2.11) imply it has independent components

Roi01, Ri212, Ra020, Ro212, R1020, R2101 (A5.3.11)

but the Weyl tensor also satisfies Eq. (Q5.1.1) and so

0

0
0
0

90000000 + 91100101 + 92200202 = 91100101 + 92202020

90001010 + 91101111 + 92201212
90002020 + 91102121 + 92202222
3" Coo10 + ¢"' Cor11 + 9% Co12

90001020 + 91101121 + 92201222
g Ca000 + 9" Car01 + g%*Caznn

(A5.3.12)

g"°Co101 + 9% Chara
(A5.3.13)

9" Caga0 + ¢"' Chara
(A5.3.14)
= ¢*2Cyons (A5.3.15)
% Clo2 (A5.3.16)
" Coio (A5.3.17)

therefore all components are zero and hence Eq. (Q5.3.3). This means that
in three dimensions there are no gravitational waves, i.e. gravity is not dy-

namical.
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