PH471 General Relativity and Cosmology Spring 2020

Homework 2 - Einstein equation

Q2.1.

A2.1.

Q2.2.

A2.2.

Use the Bianchi identity
VaRbed® + VbRead® + VeRaba® = 0 (Q2.1.1)

to show that
VpGa® =0 (Q2.1.2)

Contracting the ¢ and e indices, contracting the a and d indices using the metric,
using the symmetries Eqgs. (1.2.8) and (1.2.9) and the definitions Eqs (1.2.12),
(1.2.13) and (2.4.7) gives Eq. (Q2.1.2)

0 = gadvaRdec + gadvacadc + gadchabdc (A211)
= ValRp® — VpRac?® + Ve Rpa™ (A2.1.2)
= 2V.Rp* —VpR (A2.1.3)
— 2V.Gp? (A2.1.4)

Calculate
VpTa® =0 (Q2.2.1)
for a perfect fluid and interpret your answer.
Eq. (2.4.13) gives
0=V,T? = V, [puat® + p (uau® — 07)] (A2.2.1)
= wuuPVpp + (p+ p) uPVua + (p + p) ua VpuP
+ (uau® = 02) Vipp (A2.2.2)
therefore, using Eqs. (2.3.3) and (2.3.4),
UV 1o = uPVipp + (p+ p) Vpu® = 0 (A2.2.3)

and
(97 — u?u®) VpT.” = (p + p) uPVpu + (v*u® — ¢*°) Vpp =0 (A2.2.4)

which are the relativistic Euler equations, corresponding to energy and momentum
conservation in the rest frame of the fluid. Writing the energy density p in terms
of the mass density p,, and non-mass energy per unit mass e

p=pm(l+e) (A2.2.5)
Eq. (A2.2.3) gives
(1+e) (ubvbpm + pmvbub) + (pmubee +pVbub) =0 (A2.2.6)

corresponding to conservation of mass and Newtonian energy.
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