
PH471 General Relativity and Cosmology Spring 2020

Homework 2 - Einstein equation

Q2.1. Use the Bianchi identity

∇aRbcd
e +∇bRcad

e +∇cRabd
e = 0 (Q2.1.1)

to show that
∇bGa

b = 0 (Q2.1.2)

A2.1. Contracting the c and e indices, contracting the a and d indices using the metric,
using the symmetries Eqs. (1.2.8) and (1.2.9) and the definitions Eqs (1.2.12),
(1.2.13) and (2.4.7) gives Eq. (Q2.1.2)

0 = gad∇aRbcd
c + gad∇bRcad

c + gad∇cRabd
c (A2.1.1)

= ∇aRbc
ac −∇bRac

ac +∇cRba
ca (A2.1.2)

= 2∇aRb
a −∇bR (A2.1.3)

= 2∇aGb
a (A2.1.4)

Q2.2. Calculate
∇bTa

b = 0 (Q2.2.1)

for a perfect fluid and interpret your answer.

A2.2. Eq. (2.4.13) gives

0 = ∇bTa
b = ∇b

[
ρuau

b + p
(
uau

b − δba
)]

(A2.2.1)

= uau
b∇bρ+ (ρ+ p)ub∇bua + (ρ+ p)ua∇bu

b

+
(
uau

b − δba
)
∇bp (A2.2.2)

therefore, using Eqs. (2.3.3) and (2.3.4),

ua∇bTa
b = ub∇bρ+ (ρ+ p)∇bu

b = 0 (A2.2.3)

and

(gac − uauc)∇bTc
b = (ρ+ p)ub∇bu

a +
(
uaub − gab

)
∇bp = 0 (A2.2.4)

which are the relativistic Euler equations, corresponding to energy and momentum
conservation in the rest frame of the fluid. Writing the energy density ρ in terms
of the mass density ρm and non-mass energy per unit mass e

ρ = ρm (1 + e) (A2.2.5)

Eq. (A2.2.3) gives

(1 + e)
(
ub∇bρm + ρm∇bu

b
)

+
(
ρmu

b∇be+ p∇bu
b
)

= 0 (A2.2.6)

corresponding to conservation of mass and Newtonian energy.
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