PH471 General Relativity and Cosmology Spring 2020

Homework 1 - Newtonian perspective

QL.1.

Al.1.

QL.2.

Al.2.

For a particle with spacetime velocity u® experiencing a spacetime force f,, show
that

fat? =0 (Q1.1.1)

and interpret this equation from a Newtonian perspective.

Using Egs. (2.3.13) and (2.3.3),

dpa 4 duP . 1 d a
AR
Decomposing as in Egs. (2.3.16) and (2.3.18),

0 = fau (A1.1.2)

dt dt , . .
= - (Pel, — Fa) o (e +07) (A1.1.3)

dt\’

= | — P — Fyp® Al.14
(&) - ra) (ALLY)

Thus Eq. (Q1.1.1) corresponds to the Newtonian work-energy theorem.
In the space-time decomposition of the metric, Eq. (2.2.9), set
A=1+2¢ (QL.2.1)
and use the Newtonian approximation
¢, Bav®, hapv™0® < 1 (Q1.2.2)

(a) Reexpress the relativistic uncharged particle action in space-time decomposed
form and interpret the leading terms in your action.

(b) Calculate the Euler-Lagrange equation for the leading terms in your action
and interpret the resulting equation.

(c) Reexpress the spacetime momentum in space-time decomposed form and in-
terpret the leading terms.

(a) Using Egs. (2.3.10), (2.2.9), (2.3.16) and (Q1.2.1), in the Newtonian limit,
the relativistic particle action is

-5 = m/\/gab:tax'bdt (Al.2.1)

= m/ \/(Aege{) — Ba€}, — €LBy — hap) (€2 + v2) (eP + vP) dt

(A1.2.2)
= m/ \/1 + 2¢ — 2Bav2 — hapv2oP dt (A1.2.3)
~ m/ (1 + ¢ — Bav® — %habvavb> dt (Al.2.4)
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We can interpret ¢ as the Newtonian gravitational potential, B, as the grav-
itational analog of the magnetic covector potential AY) and %mhabfuavb as

the Newtonian kinetic energy.

(b) For the action of Eq. (A1.2.4), the Euler-Lagrange equation

d (0L oL
el = Al1.2.5
dt (8x§) 0x§ ( )
gives
d
m— (habt® + Ba) = —mVYP ¢ + mPVP B, (A1.2.6)
therefore
dva T _o®y_f @p _o®p )b
m— =m Vilo—Ba) + (V' By — Vi By ) v (A1.2.7)
We can interpret — ¢ as the Newtonian gravitational field analogous to

the electrostatic ﬁeld V(3 ¢ — B, as the gravitational analog of the electric
field F, = —V(S)gb AP , and VgS)B V( )B, as the gravitational analog
of the magnetic flux density Bap = v AE’ v,f’) A The whole equation
is thus the gravitational analog of the Lorentz force law Eq. (2.3.26).

(c¢) The spacetime momentum is decomposed in terms of the energy and spatial
momentum as

pa = Ee! —p® (A1.2.8)
Substituting Egs. (2.2.9), (2.3.16) and (Q1.2.1) into Eq. (2.3.13) gives
dzP
Pa = Mgab dr (A1.2.9>
dt
= mo- (Aelel, — Bael, — €L Bp — hap) (ef +0P)  (A1.2.10)
T
dt
= m— [(142¢ — Byv®) €l — (Ba+ hapt®)]  (AL1.2.11)
T

and, from Eq. (A1.2.3),

dr B
dt

= /14 2¢ — 2Bav® — hapvavP (A1.2.12)

Therefore, comparing Eqs. (A1.2.8) and (A1.2.11), in the Newtonian limit,

E = m(1+29 — Bav?) (A1.2.13)
\/1 + 2¢ — 2Ba1v2 — hapv2oP

1
~ m+mo+ mhabv vP (Al1.2.14)
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We can interpret m as the mass energy, m¢ as the Newtonian gravitational
potential energy and %mhabvafub as the Newtonian kinetic energy. Also

B, + hapt?
P = m ve) (A1.2.15)
\/1 + 2¢ — 2Bav2 — hapv2oP

~ Mmhapv® + mB, (A1.2.16)

We can interpret mhapv? as the Newtonian momentum and mB, as the
gravitational momentum analogous to the electromagnetic momentum qu’).
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