
PH471 General Relativity and Cosmology Spring 2020

Homework 1 - Newtonian perspective

Q1.1. For a particle with spacetime velocity ua experiencing a spacetime force fa, show
that

fau
a = 0 (Q1.1.1)

and interpret this equation from a Newtonian perspective.

A1.1. Using Eqs. (2.3.13) and (2.3.3),

fau
a =

dpa
dτ

ua = mgab
dub

dτ
ua =

1

2
m
d

dτ

(
gabu

aub
)

= 0 (A1.1.1)

Decomposing as in Eqs. (2.3.16) and (2.3.18),

0 = fau
a (A1.1.2)

=
dt

dτ

(
Peta − Fa

) dt
dτ

(eat + va) (A1.1.3)

=

(
dt

dτ

)2

(P − Fav
a) (A1.1.4)

Thus Eq. (Q1.1.1) corresponds to the Newtonian work-energy theorem.

Q1.2. In the space-time decomposition of the metric, Eq. (2.2.9), set

A = 1 + 2φ (Q1.2.1)

and use the Newtonian approximation

φ , Bav
a , habv

avb � 1 (Q1.2.2)

(a) Reexpress the relativistic uncharged particle action in space-time decomposed
form and interpret the leading terms in your action.

(b) Calculate the Euler-Lagrange equation for the leading terms in your action
and interpret the resulting equation.

(c) Reexpress the spacetime momentum in space-time decomposed form and in-
terpret the leading terms.

A1.2. (a) Using Eqs. (2.3.10), (2.2.9), (2.3.16) and (Q1.2.1), in the Newtonian limit,
the relativistic particle action is

−S = m

∫ √
gabẋaẋb dt (A1.2.1)

= m

∫ √
(Aetae

t
b −Baetb − etaBb − hab) (eat + va)

(
ebt + vb

)
dt

(A1.2.2)

= m

∫ √
1 + 2φ− 2Bava − habvavb dt (A1.2.3)

' m

∫ (
1 + φ−Bav

a − 1

2
habv

avb
)
dt (A1.2.4)
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We can interpret φ as the Newtonian gravitational potential, Ba as the grav-
itational analog of the magnetic covector potential A

(3)
a and 1

2
mhabv

avb as
the Newtonian kinetic energy.

(b) For the action of Eq. (A1.2.4), the Euler-Lagrange equation

d

dt

(
∂L

∂ẋa3

)
=

∂L

∂xa3
(A1.2.5)

gives

m
d

dt

(
habv

b +Ba

)
= −m∇(3)

a φ+mvb∇(3)
a Bb (A1.2.6)

therefore

m
dva
dt

= m
[(
−∇(3)

a φ− Ḃa

)
+
(
∇(3)

a Bb −∇(3)
b Ba

)
vb
]

(A1.2.7)

We can interpret −∇(3)
a φ as the Newtonian gravitational field analogous to

the electrostatic field, −∇(3)
a φ− Ḃa as the gravitational analog of the electric

field Ea = −∇(3)
a φ − Ȧ(3)

a , and ∇(3)
a Bb − ∇(3)

b Ba as the gravitational analog

of the magnetic flux density Bab = ∇(3)
a A

(3)
b −∇

(3)
b A

(3)
a . The whole equation

is thus the gravitational analog of the Lorentz force law Eq. (2.3.26).

(c) The spacetime momentum is decomposed in terms of the energy and spatial
momentum as

pa = Eeta − p(3)a (A1.2.8)

Substituting Eqs. (2.2.9), (2.3.16) and (Q1.2.1) into Eq. (2.3.13) gives

pa = mgab
dxb

dτ
(A1.2.9)

= m
dt

dτ

(
Aetae

t
b −Bae

t
b − etaBb − hab

) (
ebt + vb

)
(A1.2.10)

= m
dt

dτ

[(
1 + 2φ−Bbv

b
)
eta −

(
Ba + habv

b
)]

(A1.2.11)

and, from Eq. (A1.2.3),

dτ

dt
=
√

1 + 2φ− 2Bava − habvavb (A1.2.12)

Therefore, comparing Eqs. (A1.2.8) and (A1.2.11), in the Newtonian limit,

E =
m (1 + 2φ−Bav

a)√
1 + 2φ− 2Bava − habvavb

(A1.2.13)

' m+mφ+
1

2
mhabv

avb (A1.2.14)
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We can interpret m as the mass energy, mφ as the Newtonian gravitational
potential energy and 1

2
mhabv

avb as the Newtonian kinetic energy. Also

p(3)a =
m
(
Ba + habv

b
)√

1 + 2φ− 2Bava − habvavb
(A1.2.15)

' mhabv
b +mBa (A1.2.16)

We can interpret mhabv
b as the Newtonian momentum and mBa as the

gravitational momentum analogous to the electromagnetic momentum qA
(3)
a .
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